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Abstract 
We consider the canonical fundamental systems of solutions of linear homogeneous 
Caputo fractional differential equations with continuous variable coefficients. Here we 
gained a series-representation of the canonical fundamental system by coefficients of 
the considered equations and the representation of solution to initial value problems 
using the canonical fundamental system. According to our results, the canonical 
fundamental system of solutions to linear homogeneous differential equation with 
Caputo fractional derivatives and continuous variable coefficients has different 
representations according to the distributions of the lowest order of the fractional 
derivatives in the equation and the distance from the highest order to its adjacent order 
of the fractional derivatives in the equation.  
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1. Introduction 
      
 It is well known that fractional derivative is excellent tool for description of many 
phenomena (including memory and heredity effects) in fields of science and technology 
[10]. So recently, many authors are widely studying the theory of fractional differential 
equations and their application to other fields of science and technology and the topics 
includes not only the existence, uniqueness and representation of solutions to linear 
equations but also analytical and numerical methods, stability, bifurcation, chaos and 
control problems in (systems of) nonlinear fractional equations. (See [11] and another 
reviewing articles and papers of that theme section,)  
      In this paper, we study a series representation that analytically represents the canonical 
fundamental system of solutions of a linear homogeneous Caputo fractional differential 
equation with continuous variable coefficients only using its coefficients.  
      One advantage of using fractal calculus in studying differential equations is that it can 
provide closed formulae (series representation) of solutions even in the case with variable 
coefficients. In Bonilla et al [1], they obtained an explicit representation of the general 
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solution to the system of linear homogeneous Caputo fractional differential equation with 
constant coefficients in the case that it includes one term of fractional derivative.  In Hu et 
al [2], they considered linear Caputo fractional differential equation with n terms of 
fractional derivatives and constant coefficients and obtain solutions of this kind of 
fractional differential equations by Adomian decomposition method. In Luchko et al [5], 
they developed the operational calculus of Mikusinŝki’s type for Caputo fractional 
differential operators and applied it to obtain the exact solutions of initial value problems 
for linear fractional differential equations with constant coefficients and fractional 
derivatives in Caputo’s sense. In Morita et al [6], they obtained solutions of initial value 
problems of fractional differential equations with constant coefficients using Neumann 
series for the corresponding Volterra integral equations and expressed by generalized 
Mittag-Leffler functions.  
      In [12] an operational calculus of the Mikusinskis type was introduced for the 
generalized Riemann-Liouville fractional derivative operator and it was applied to solve 
the corresponding initial value problem for a general n-term linear fractional differential 
equation with constant coefficients and GRLFD of arbitrary orders and types. But they 
provided initial values independent on the type of generalized Riemann-Liouville 
fractional derivatives in n-terms linear fractional differential equation and defined the 
space of solutions independent on the type. They did not provide a necessary and sufficient 
condition for existence of the solution of n-terms linear fractional differential equation and 
thus they made some mistakes as mentioned in [9]. In [9], authors present the existence 
and representation of solution for an n-terms linear initial value problem with generalized 
Riemann-Liouville fractional derivatives and constant coefficients by using operational 
calculus. 
The study on the fractional differential equations with variable coefficients are also 
provided. In Kilbas et al [3], they investigated solutions around an ordinary point for linear 
homogeneous Caputo fractional differential equations with sequential fractional 
derivatives of order )10( ≤<ααk and variable coefficients. In [8], authors studied on 
explicit representations of Green’s function for linear (Riemann-Liouvilles) fractional 
differential operators with variable coefficients continuous in ),0[ ∞  and applied it to 
obtain explicit representations for solution of non-homogeneous fractional differential 
equation with variable coefficients of general type.  
In [7], authors studied the existence and uniqueness of the solution to a nonlinear 
differential equation with Caputo fractional derivative in the space of continuously 
differentiable functions using Banach fixed point theorem. In [13], they studied an 
approximation method (spline collocation method) to solve nonlinear fractional differential 
equations with initial conditions or boundary conditions. 
In this article we consider the canonical fundamental systems of solutions of a linear 
homogeneous Caputo fractional differential equation with )1( +m terms and variable 
coefficients continuous on the interval [0, T]. Here we gained a series-representation of the 
canonical fundamental system by coefficients of the considered equations and the 
representation of solution to initial value problems using the canonical fundamental 
system. Our main method is the successive approximation. Our main result is the discovery 
of 5 patterns of distributions of fractional orders in the equation which determine the 
representations of the solutions.  
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According to our results, the canonical fundamental system of solutions to linear 
homogeneous differential equation with Caputo fractional derivatives and continuous 
variable coefficients has different representations according to the distributions of the 
lowest order of the fractional derivatives in the equation and the distance from the highest 
order to its adjacent order of the fractional derivatives in the equation. 
The remainder the paper is organized as follows. In section 2 we set our problem and 
provide some preliminaries including basic concepts and lemmas. Furthermore, we give 3 
main patterns of distributions of fractional orders of the considered equation which 
determine the representations of the solutions. In sections 3, 4 and 5 we provide series-
representations of the canonical fundamental systems by coefficients of the considered 
equations and the representation of solution to initial value problems using the canonical 
fundamental system in those 3 cases, respectively. In the last section we give some 
conclusions. 
 
 
2. Problems and Lemmas (Preliminaries) 
 
In this paper we study the following linear homogeneous Caputo fractional differential 
equation with variable coefficients: 
              ∑
=
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00 0     ),()()(0
αα  .                               (1) 
Here 0>T is an arbitrary positive number, ),,1,0( mii "=α  are nonnegative real numbers 
such that 010 ≥>>> mααα "  and there exist nonnegative integers ),,1,0( mini "=  such 
that iii nn ≤<− α1 ),,1,0( mi "= .  It is evident that 010 ≥≥≥≥ mnnn " . 
     Remark 1. The integer 0n  dependent on the highest order 0α   is important and it provides the 
number of initial conditions to give in order to ensure the existence and uniqueness of the solution 
to the initial value problem of (1). 
 
      Now we study an initial value problem of the equation (1) with the following initial 
conditions: 
             1,,1,0  ,)( 00 −=∈=+= nkRbtyD kt
k " .                                    (2) 
       We use the function spaces ],[ baCγ  and ],[ baC nγ  introduced in [2]. When 10 <≤ γ , 
we denote by ],[ baCγ  the space of all functions f  that ],[)()( baCtfatt ∈− γ6 and f  
itself is defined on ],( ba .  In particular ],[],[0 baCbaC = . For Nn∈  we denote by 
],[ baC nγ  the space of functions f  which are 1−n times continuously differentiable on 
 ],[ ba  and have the derivative )()( xf n  such that ],[)()( baCxf n γ∈ . And we denote as 
follows: 
].,[],[  0 baCbaC γγ =  
 (The definition of their norms of these spaces are also provided in [7].) 
Sun-Ae PAK ,  Myong-Ha KIM  and  Hyong-Chol O 
 
 
 4
    Definition 1[2]  Let 10 ,],0[, <≤∈∈ + γα γ TCfR . The fractional integrals fIα+0  of 
order )0( >αα of function f  in the means of Riemann-Liouville are defined by  
τττα
αα dfttfI
t
∫ −+ −Γ= 0
1
0 )()()(
1)( , 0>t . 
In particular we denote as )()(0 tftfI = . 
    Definition 2[2]  When Nn∈ , nn ≤<− α1 , the Caputo fractional derivatives fDc α+0  of 
order )0( >αα  of function f  are defined by  
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Here α+0D is Riemann-Liouville fractional derivative:  
0,)(:)( 00 >= −++ ttfI
dt
dtfD nn
n αα . 
Lemma 1.[4] Let },1,0{0 "=∈Nn  and )10( ≤≤∈ γγ R . The space ],[ baC nγ  
consists of those and only those functions f  which are represented in the form 
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where ],[ baCγϕ ∈  and )1,,1,0( −= nkCk "  are arbitrary constants. 
 
    Definition 3. A system of functions )1,,1,0)(( 0 −= njty j "  is called a canonical 
fundamental system of solutions of the homogeneous equation (1) if it satisfies    
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The main conclusion of this paper is that the solutions to (1) have the different 
representations according to  the different distributions of fractional orders ,,1,0( "=iiα  
)m . In order to explain this situation clearly, we introduce the following index sets 
jH ),,1,0( mi "=  to help to show the distribution of given orders ),,1,0( mii "=α . 
1,,1,0},,,1,0:{ 0 −==≤≤= njmijiH ij ""α ,                             (3) 
     Remark 2. jHk kj ≤⇒∈ α  and )( jiHH ji <⊂ . If φ≠jH  (where φ  is the empty set), 
we let jj Hh min= which is the smallest index of fractional orders of (1) that do not exceed j . 
Then it is evident that 1+− jhm  is the number of elements of  jH  and )( jihh ji <≥ . Thus 
when ji < , ji hh −  represents the number of such orders kα  that  ji k ≤<α  and in particular, if 
ji hh =  then (1) has no such fractional orders kα  that  ji k ≤<α . 
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We will consider the following 3 possible cases which represent different distributions 
of fractional orders. This is the main idea of this paper which allows us successfully give 
representations of solutions to (1). 
 
Case I: φ≠0H . In this case  1,,1,0, 0 −=∀≠ njH j "φ  and our equation (1) has the 
linear term of unknown function )(ty  (the term of 0-th derivative).  Then (1) is called the 
type I. In this case we have 0,,0 0 === mm nmhα  and  
.
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                           (*) 
Case II: 20 ≥n  and there exists a }2,,1,0{ 00 −∈ nj " such that φ=0jH and 
φ≠+10jH . In this case 0,,1,0, jjH j "== φ and 1,,1, 00 −+=≠ njjH j "φ . That is, 
there is no the term of derivative of order of 0j  or lower than 0j  in the equation (1). Then 
(1) is called the type II. In this case we have ]1,0( 0 −∈ nmα , 11 0 −≤≤ nnm , 10 −= mnj  
and 
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Case III: φ=−10nH . In this case 1,,1,0, 0 −== njH j "φ . That is, there only are the 
terms of derivative of order of higher than 10 −n  in the equation (1). Then  (1) is called the 
type III. In this case ],1( 00 nnm −∈α  and thus ],1( 00 nni −∈α for all mi ,,1,0 "= . 
From the definition 2, we know that in this case our equation (1) becomes a very simple 
integro-differential equation which can be transformed in to an integral equation with 
nonhomogeneous term of a  polynomial on t with the degree of 10 −n .  
 
Now let consider the following approximation sequence for (1), (2): 
)()( 1
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tbty k
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           ",2,1  ,)()()()( 10
1
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⎥⎥⎦
⎤
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⎡ ⋅−= −+
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i
i
l iαα .                       (4) 
Then we have the following lemma.  
 
      Lemma 2. (i) Assume that 10 nn >  and ],0[ TCai ∈ , mi ,,1"= . Then The initial value 
problem (1), (2) has a unique solution ],0[)( 1, 00 TCty n −∈ α , which is the limit in 
],0[1, 00 TC n −α  of the approximation sequence (4). 
        ሺiiሻ Let ))1,0[(00 ∈−= αγ n . Assume that 10 nn =  and. If ],0[1 TCai γ∈ , 
],0[0 TCaD i ∈+γ , mi ,,1"= , then the initial value problem (1), (2) has a unique solution 
],0[)( 0 TCty nγ∈ , which is the limit in ],0[0 TC nγ  of the approximation sequence (4). 
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     Proof: Let ∑
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ααα " . Then by assumption we have 
],0[ TCai ∈ , mi ,,1"=  or 10 <∃≤ γ : mTCai ,,1i ],,0[1 "=∈ γ  and thus RQTf →×],0[:  
( mRQ ⊂ ) has continuity and Lipchitz condition. By the result of [7], the lemma 2 is 
proved. (QED) 
    
     Remark 3. If 10 <∃≤ γ : miTCai ,,1 ],,0[1 "=∈ γ , then the solution )(ty  of the initial value 
problem (1), (2) satisfies ],0( ],0[)( 00 1 TCTCty nn ∩∈ − . 
 
 
3. The Canonical Fundamental System of Solutions to  
the Equations of the Type I 
 
      Theorem 1. Let ))1,0[(00 ∈−= αγ n and Assume that 10 nn = and ],0[1 TCai γ∈ , 
i
n aD 000
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+ miTC ,,1 ],,0[ "=∈ . Assume that φ≠0H (that is, (1) is the type I). Then there 
exists the unique canonical fundamental system ],0[)( 0 TCty nj γ∈ , ,,1,0( "=j  10 −n of 
solutions to (1) and it is written by   
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     Proof. From lemma 2-(ii) the existence and uniqueness of canonical fundamental 
systems is evident. Now let find the canonical system as the limit in ],0[0 TC nγ  of the 
approximation sequence  
 )()( 1
0 tty jj +Φ= ,                                                                                      (6) 
          ",2,1,0     ,)()()()( 0
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     First, we find )(0 ty . Let 0=j  in (6), then  )()( 100 tty Φ=  and from (7) we have 
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Here we calculate )(10 tD i
c Φ+α . By the definition 2 we have  
       mitDtDtD
i
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n
k
k
kc ,,1  ,)()0()()(
1
0
111010 "=⎥⎥⎦
⎤
⎢⎢⎣
⎡ ΦΦ−Φ=Φ ∑−
=
+++
αα .                   (9) 
Since φ≠0H , we have mHh == 00 min . For mi = , 0== mm nα  and thus 
)()()( 11010 ttDtD mi
c Φ=Φ=Φ ++ αα . 
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If 1,,1 −= mi "  then 0>iα  and thus from iii nn ≤<− α1  we have 1≥in . Since   
⎩⎨
⎧
≠
==Φ
,0   ,0
,0   ,1
)0(1 k
k
D k  
in (9), then 0)(10 =Φ+ tD ic α  for 1,,1 −= mi "   and  
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Substituting this into (8), then the first approximation of )(0 ty  is given by 
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and since 0 and  0 == mmh α , we can rewrite it as follows:  
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Thus we get the first term( 0=k ) of (5) in the case of 0=j .  
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nγ∈ . From (10), we have  
)()()()()()( 1
1
010
1
1
11
0
1 000000 ttaIttaIDtDtyD m
n
m
nnn Φ−=Φ−Φ= +−++−−− αα . 
From the assumption ],0[)()()( 1 TCtatta mm ∈=Φ  and 0100 >+− nα , and thus we have 
],0[)()( 1
1
0
00 TCttaI m
n ∈Φ+−+α , that is,  
],0[)( 110 0 TCty
n −∈ . 
On the other hand, ],0[)()()( 11 TCtatta mm γ∈=Φ  and 0100 >+− nα , and thus by lemma1 
we have ],0[)()( 11
1
0
00 TCttaI m
n γα ∈Φ+−+ . Therefore 
],0[)()()()()()( 1
1
0101
1
0
000000 TCttaDIttaIDtDtyD m
n
m
nnn γαα ∈Φ−=Φ−Φ= +−++ . 
Thus we proved ],0[)( 010 TCty
nγ∈ .  
 
       Next we consider the case that 1  ,0 == lj  in (7) to find the second approximation of 
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i
m
hi
i
km
i
i
l
k
k αααα −
=
−
+
==
+
+ Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= ∑∑∑  
Thus the  ( 1+l )-st approximation of )(0 ty  is provided by  
).()()()1()( (t)y 10
10
0
1
1
1
0
0
00 ttaItaIt
i
i
m
hi
i
km
i
i
l
k
kl αααα −
=
−
+
==
+
+++ Φ⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= ∑∑∑  
In the similar way as the above we get ],0[)( 010 TCty
nl γ∈+ . 
     By induction we proved that for any ",1,0=n , n th approximation of )(0 ty  is 
provided by  
).()()()1()( (t)y 10
1
1
0
0
1
10
0
00 ttaItaIt
i
i
m
hi
i
km
i
i
n
k
kn α
ααα
−
=
−
+
=
−
=
+
+ Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= ∑∑∑  
and ∈)(0 ty n ],0[0 TC nγ . From lemma2-(ii) the sequence { )(0 ty n } converges in ],0[0 TC nγ  
and we get the first element )(0 ty  of canonical system: 
                (t) lim)( 00
n
n
yty +∞→=  
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.],0[)()()()1()( 0
0
00
10
10
0
1
1 TCttaItaIt
n
m
hi
i
km
i
i
k
k
i
i γα
ααα ∈Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= −
=
−
+
=
∞
=
+
+ ∑∑∑  
Now for any )1,,1( 0 −= njj " , we find  the j -th element )(ty j  of the canonical 
system. From (6) )()( 1
0 tty jj +Φ=  and by (7) the first approximation of )(ty j  is given by 
)()()( )()()()( 10
1
01
0
0
1
01
1 00 tDtaIttyDtaItty j
c
m
i
ijj
c
m
i
ijj
ii ++
=
+++
=
++ Φ−Φ=−Φ= ∑∑ αααα . 
By the definition 2, )(10 tD j
c i ++Φα  is as follows  
).,,1(  )()0()()(
1
0
111010 mitDtDtD
i
ii
n
k
kj
k
jj
c "=⎥⎥⎦
⎤
⎢⎢⎣
⎡ ΦΦ−Φ=Φ ∑−
=
++++++
αα .  
If jhi ≥ then ji ≤≤α0  and jni ≤ , and thus 1,,0,0)0( 01 −==Φ + nkD jk " , and thus we 
have  
),()( 1010 tDtD jj
c ii ++++ Φ=Φ αα mhi j ,,"= . 
. 
If jhi < , then jni > , so  
)()()0( 1
1
0
11 ttD j
n
k
kj
k
i
+
−
=
++ Φ=ΦΦ∑  
and thus 0)(10 =Φ ++ tD jc iα , jhi < . That is, we have 
⎪⎩
⎪⎨
⎧
<≤
≤≤Φ=Φ ++++ .1             ,0
,  ),(
)( 1010
j
jj
j
c
hi
mihtD
tD
i
i
αα  
So  the first approximation of )(ty j  is provided by  
)()()(        
)()()()()()()(
101
100110
1
01
1
0
00
ttaIt
tDtaIttDtaItty
i
j
i
j
i
j
m
hi
ij
j
m
hi
ijj
c
m
i
ijj
αα
αααα
−+
=
++
++
=
++++
=
++
Φ−Φ=
Φ−Φ=Φ−Φ=
∑
∑∑
 
and we have ],0[)( 01 TCty nj γ∈ . Here  
)(:)( 101 tDt jj ii ++−+ Φ=Φ αα . 
The second approximation of )(ty j  is given by 
               
⎥⎥⎦
⎤
⎢⎢⎣
⎡
Φ−Φ−Φ=
=−Φ=
−+
=
+++
=
++
+
=
++
∑∑
∑
)()()()()(        
 )()()()(
1010
1
01
1
0
1
01
2
00
0
ttaItDtaIt
tyDtaItty
i
j
i
i
j
m
hi
ij
c
m
i
ij
j
c
m
i
ijj
αααα
αα
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 )()()()()()( 100
1
010
1
01
000 ttaIDtaItDtaIt
i
j
ii
j
m
hi
i
c
m
i
ij
c
m
i
ij αααααα −+
=
++
=
+++
=
++ Φ+Φ−Φ= ∑∑∑ . 
Here note that )()()()( 10100 00 ttaIttaID i
j
i
i
j
i
j
m
hi
ij
m
hi
i
c αααααα −+
=
−
+−+
=
++ Φ=Φ ∑∑ , we have  
)()()()1()()( 10
1
0
1
0
1
1
2 00 ttaItaItty
i
j
i
j
m
hi
i
km
i
i
k
k
jj αααα −+
=
−
+
=
+
=
++ Φ⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= ∑∑∑ . 
By induction,  the n -th approximation of )(ty j  is given by  
)()()()1()()( 10
1
0
1
0
1
1
00 ttaItaItty
i
j
i
j
m
hi
i
km
i
i
n
k
k
j
n
j αααα −+
=
−
+
=
+
−
=
++ Φ⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= ∑∑∑ . 
Therefore  
)()()()1()()(lim)( 10
1
0
0
1
1
00 ttaItaIttyty
i
j
i
j
m
hi
i
km
i
i
k
k
j
n
jnj α
ααα
−+
=
−
+
=
+
∞
=
++∞→ Φ⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ== ∑∑∑ . 
(QED) 
 
       Corollary 1.  Under the assumption of theorem 1, a solution ],0[)( 0 TCty nγ∈  to the 
initial value problem (1) and (2) uniquely exists and represents by 
)()(
1
0
0
tybty j
n
j
j∑−
=
= . 
Here 1,,1,0  ],,0[)( 00 −=∈ njTCty nj "γ is the canonical fundamental system of (1) given 
by (5). 
 
       Theorem 2. Assume that 10 nn > , ],0[ TCai ∈ ),,1( mi "=  and φ≠0H . Then there 
exists the unique canonical fundamental system   
1,,1,0  ],,0[)( 0
1, 00 −=∈ − njTCty nj "α  
of solutions to (1) and it is written by  
,1,,1,0
),()()()1()()(
1
10
1
0
0
1
1
00
−=
Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= −+
=
−
+
=
+
∞
=
++ ∑∑∑
nj
ttaItaItty
i
j
i
j
m
hi
i
km
i
i
k
k
jj
"
αααα              (11) 
.1,,1,
 ),()()()1()()(
011
1
1
0
1
0
0
1
1
00
−+=
Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= −+
=
−
+
=
+
∞
=
++ ∑∑∑
nnnj
ttaItaItty
i
i
j
m
i
i
km
i
i
k
k
jj
"
αααα             (12) 
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     Proof. From lemma 2-(i) the existence and uniqueness of canonical systems is evident. 
Now let find the canonical system as the limit of the approximation sequence (6) and (7). 
Fixed 1,,1,0 0 −= nj " , we find the j -th element )(ty j  of the canonical system. 
                   )()( 1
0 tty jj +Φ= , 
                   )()()( )()()()( 10
1
01
0
0
1
01
1 00 tDtaIttyDtaItty j
c
m
i
ijj
c
m
i
ijj
ii ++
=
+++
=
++ Φ−Φ=−Φ= ∑∑ αααα . 
Here  
mitDtDtD
i
ii
n
k
kj
k
jj
c ,,1,)()0()()(
1
0
111010 "=⎥⎥⎦
⎤
⎢⎢⎣
⎡ ΦΦ−Φ=Φ ∑−
=
++++++
αα .  
Note that for 1,,1,0 −= ink "  
⎩⎨
⎧
≠
==Φ + .   ,0
,   ,1
)0(1 jk
jk
D j
k  
Since innn ≥> 10  then for 1,,1,0 1 −= nj " , we have 
⎪⎩
⎪⎨
⎧
<≤
≤≤Φ=Φ ++++ .1              ,0
,  ),(
)( 1010
j
jj
j
c
hi
mihtD
tD
i
i
α
α                                   (13) 
If 1,, 01 −= nnj " , then jk <  and thus we have 
mtDtD jj
c ii ,,1i   ),()( 1010 "=Φ=Φ ++++ αα .                                   (14) 
Therefore the first approximation of )(ty j  is given by 
,1,,1,0                  
),()()( )()()()(
1
1011001
1 00
−=
Φ−Φ=Φ−Φ= −+
=
++++
=
++ ∑∑
nj
ttaIttDtaItty
i
j
i
j
j
m
hi
ijj
m
hi
ijj
"
αααα  
.1,,                  
),()()( )()()()(
01
1
1
0110
1
01
1 00
−=
Φ−Φ=Φ−Φ= −+
=
++++
=
++ ∑∑
nnj
ttaIttDtaItty
i
i
j
m
i
ijj
m
i
ijj
"
α
ααα
 
and we have 1,,1,0  ],,0[)( 0
1,1 00 −=∈ − njTCty nj "α . 
     For 1,,1,0 1 −= nj "  the second approximation is given as follows: 
  
⎥⎥⎦
⎤
⎢⎢⎣
⎡
Φ−Φ−Φ=
=−Φ=
−+
=
+++
=
++
+
=
++
∑∑
∑
)()()()()(         
 )()()()(
1010
1
01
1
0
1
01
2
00
0
ttaItDtaIt
tyDtaItty
i
j
i
i
j
m
hi
ij
c
m
i
ij
j
c
m
i
ijj
αααα
αα
 
)()()()()()( 100
1
010
1
01
000 ttaIDtaItDtaIt
i
j
ii
j
m
hi
i
c
m
i
ij
c
m
i
ij αααααα −+
=
++
=
+++
=
++ Φ+Φ−Φ= ∑∑∑ .  (15) 
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By (13) and the fact that )()()()( 10100 00 ttaIttaID i
j
i
i
j
i
j
m
hi
ij
m
hi
i
c αααααα −+
=
−
+−+
=
++ Φ=Φ ∑∑ , we can 
rewrite (15) as follows: 
∑∑∑
=
−+
−
+
=
+++
=
++ Φ+Φ−Φ=
m
hi
ji
m
i
ij
m
hi
ij
j
i
ii
j
ttaItaItDtaItty )()()()()()()( 10
1
01001
2
j
000 αααααα  
      )()()()()()( 10
1
0101
000 ttaItaIttaIt
i
j
i
i
j
j
m
hi
i
m
i
ij
m
hi
ij αααααα −+
=
−
+
=
+−+
=
++ Φ+Φ−Φ= ∑∑∑  
                  ∑ ∑∑
=
−+
=
−
+
=
+
++ Φ⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ=
1
0
10
1
0
1
1 )()()()1()( 00
k
j
m
hi
i
km
i
i
k
j ttaItaIt i
j
i α
ααα . 
If 1,,1, 011 −+= nnnj " , then the second approximation is given as follows: 
         )()()()( 10
1
01
2 0 =−Φ= +
=
++ ∑ tyDtaItty jcm
i
ijj
iαα  
      
⎥⎥⎦
⎤
⎢⎢⎣
⎡ Φ−Φ−Φ= −+
=
+++
=
++ ∑∑ )()()()()( 1
1
010
1
01
00 ttaItDtaIt
i
i
j
m
i
ij
c
m
i
ij αααα  
∑ ∑∑
=
−+
=
−
+
=
+
++ Φ⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ=
1
0
1
1
0
1
0
1
1 )()()()1()( 00
k
j
m
i
i
km
i
i
k
j ttaItaIt i
i αααα  
Thus we have the representation of the second approximation of )(ty j : 
)()()()1()()( 10
1
0
1
1
0
1
2 00 ttaItaItty
i
j
i
j
m
hi
i
km
i
i
k
k
jj α
ααα
−+
=
−
+
=
+
+
=
+ Φ⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= ∑∑∑ , 
                                                                        1,,1,0 1 −= nj " , 
)()()()1()()( 1
1
0
1
0
1
1
0
1
2 00 ttaItaItty
i
i
j
m
i
i
km
i
i
k
k
jj αααα −+
=
−
+
=
+
+
=
+ Φ⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= ∑∑∑ , 
                                                                  1,,1, 011 −+= nnnj " . 
For any ",4,3=n , we can find )(ty nj  by induction and by letting ∞→n  we get the 
representation (11) and (12) of the canonical fundamental system . It is obvious from 
lemma 2 that 1,,1,0  ],,0[)( 0
1, 00 −=∈ − njTCty nj "α  .(QED) 
 
       Corollary 2.  Under the assumption of theorem 2, a solution ],0[)( 1, 00 TCty n −∈ α  to 
the initial value problem (1) and (2) uniquely exists and represents by 
)()(
1
0
0
tybty j
n
j
j∑−
=
=  
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Here 1,,1,0  ],,0[)( 0
1, 00 −=∈ − njTCty nj "α  is the canonical fundamental system of (1) 
given by (11) and (12). 
 
 
4. The Canonical Fundamental System of Solutions  
to the Equations of the Type II 
 
 Theorem 3. Let 10 00 <−=< αγ n  and assume that 10 nn =  and ],0[1 TCai γ∈ , 
miTCaD i
n ,,1 ],,0[000 "=∈−+ α . Assume that the equation (1)is the type II. That is, assume 
that 20 ≥n  and there exists a }2,,1,0{ 00 −∈ nj " such that φ=0jH and φ≠+10jH . Then 
there exists  the unique canonical fundamental system ],0[)( 0 TCty nj γ∈ , 1,,1,0 0 −= nj "   
of solutions to (1) and it is written by   
01 ,,1,0),()( jjtty jj "=Φ= + ,                    (16)  
.1,,1
),()()()1()()(
00
10
1
0
0
1
1
00
−+=
Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= −+
=
−
+
=
+
∞
=
++ ∑∑∑
njj
ttaItaItty
i
j
i
j
m
hi
i
km
i
i
k
k
jj
"
αααα               (17) 
Proof. From lemma 2-(ii) the existence and uniqueness of canonical fundamental 
systems is evident. For }1,,1,0{ 0 −∈ nj " , we find the j -th element )(ty j  of the of 
canonical fundamental systems as the limit in ],0[0 TC nγ  of the approximation sequence : 
)()( 1
0 tty jj +Φ=                                                                                   (18) 
 ",2,1  ),()()()( `10
1
0
0 0 =−= −+
=
+ ∑ ltyDtaItyty ljcm
i
ij
l
j
iαα .                         (19) 
The first approximation of )(ty j  for 1,,1,0 0 −= nj "  can be written by  
)()()()( `00
1
01
1 0 tyDtaItty j
c
m
i
ijj
iαα +
=
++ ∑−Φ= )()()( 10
1
01
0 tDtaIt j
c
m
i
ij
i ++
=
++ Φ−Φ= ∑ αα .      (20) 
     We need to calculate )(10 tD j
c i ++Φα . 
.,,1 ,)()0()()(
1
0
111010 mitDtDtD
i
ii
n
k
kj
k
jj
c "=⎥⎥⎦
⎤
⎢⎢⎣
⎡ ΦΦ−Φ=Φ ∑−
=
++++++
αα             (21) 
Here note that 
⎩⎨
⎧
≠
==Φ + ,   ,0
,    ,1
)0(1 jk
jk
D j
k  
and thus  
⎩⎨
⎧
≠
=Φ=ΦΦ +++ .   ,0
,    ),(
)()0( 111 jk
jkt
tD jkj
k  
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Therefore in order to calculate )(10 tD j
c i ++Φα  by (21), for every fixed 1,,1,0 0 −= nj "  and  
mi ,,1 "= , we must consider the relation between j  and 1,,1,0 −= ink " . From the 
assumption there exists a ,0{0 ∈j }2,,1 0 −n"  such that  
φα ==≤≤= },,1,0:{ 00 mijiH ij "  and φα ≠=+≤≤=+ },,1,10:{ 010 mijiH ij " . 
Thus 0ji >α  for every mi ,,2,1 "=  and from iii nn ≤<− α1  we have 10 −≤ inj .  
     Therefore if 0,,1,0 jj "= , for all },,1{ mi "∈  there exists a }1,,1,0{ −∈ ink "  such 
that jk =  and thus  
,0)()0()()(
1
0
111010 =⎥⎥⎦
⎤
⎢⎢⎣
⎡ ΦΦ−Φ=Φ ∑−
=
++++++
i
ii
n
k
kj
k
jj
c tDtDtD αα mi ,,2,1 "= .        (22) 
     Next, for 1,,1 00 −+= njj " , we calculate )(10 tD jc i ++Φα . Let 10 += jj .  Note that 
1110 nj mm ≤<<<< − ααα "   
and  
},,1  ,10 :min{min 011 00 mijiHh ijj "=+≤≤== ++ α . 
Then for all mhhi jj ,,1, 11 00 "+= ++ , we have 100 +≤< jj iα . On the other hand, since 
iii nn ≤<− α1 , we have ),,1,( 1 110 00 mhhinj jji "+=∀−= ++  and thus  for any 
1,,1,0 −= ink " , we have jjk =+< 10 . For any mhhi jj ,,1, 11 00 "+= ++ ,  we have  
)()()0()()()( 20
1
0
12202010 0000 tDtDtDtDtD j
n
k
kj
k
jj
c
j
c i
i
iii ++
−
=
++++++++ Φ=⎥⎥⎦
⎤
⎢⎢⎣
⎡ ΦΦ−Φ=Φ=Φ ∑ αααα    
)()(
ii0 12 tt jj αα −+−+ Φ=Φ= .                                                             (23) 
Note that 110 101 αα <<<+ −+ "jhj  and iii nn ≤<− α1 . Thus for }1,,2,1{ 10 −∈ +jhi " , we 
have  110 −≤+= injj  and  
=⎥⎥⎦
⎤
⎢⎢⎣
⎡ ΦΦ−Φ=Φ=Φ ∑−
=
++++++++
1
0
12202010 )()0()()()( 000
i
iii
n
k
kj
k
jj
c
j
c tDtDtDtD ααα  
.0)]()([ 220 00 =Φ−Φ= +++ ttD jjiα                                                      (24) 
Putting (23) and (24) together, when 10 += jj , we have {
⎪⎩
⎪⎨
⎧
−=
+=Φ=Φ −+++ 1.,1,2,    ,      0
,,,1,   ),(
)(
1
10
j
jjj
j
c
hi
mhhit
tD ii "
"αα                             (25) 
Next more generally, let ljj += 0 , where }1,,1{ 00 −−= jnl " . From the definition of jh , 
for any },,1,{ mhhi jj "+∈ , we have ji ≤α . On the other hand, from iii nn ≤<− α1 , 
we have  jni ≤  and thus for any 1,,1,0 −= ink " , we have jk <  and 
⎥⎥⎦
⎤
⎢⎢⎣
⎡ ΦΦ−Φ=Φ ∑−
=
++++++
1
0
111010 )()0()()(
i
ii
n
k
kj
k
jj
c tDtDtD αα  
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.)()( 110 ttD i
i
jj αα −+++ Φ=Φ=  
If }1,,2,1{ −∈ jhi " , then ij α< and thus 1−≤ inj . Thus we have .0)(10 =Φ ++ tD jc iα  
Putting these together, for 1,,1 00 −+= njj " , we get 
⎪⎩
⎪⎨
⎧
−=
=Φ=Φ −+++ .1,1,2, ,       0
,,,  ),(
)(
1
10
j
jj
j
c
hi
mhit
tD ii "
"αα                                          (26) 
     From (20), (22) and (26), the first approximation of )(ty j  is written by 
⎪⎪⎭
⎪⎪⎬
⎫
−+=Φ−Φ=
=Φ=
−+
=
++
+
∑ 1,,1),()()()(
,,,1,0),()(
00101
1
01
1
0 njjttaItty
jjtty
i
j
j
m
hi
ijj
jj
"
"
αα
              (27) 
and 1,,1  ],,0[)( 00
1 0 −+=∈ njjTCty nj "γ . 
     Next we find the second approximation of )(ty j . From (18) and (19) we can write 
)()()()( `10
1
01
2 0 tyDtaItty j
c
m
i
ijj
iαα +
=
++ ∑−Φ= ,   1,,1,0 0 −= nj "  
and by (27) we have 
)()()()( 10
1
01
2 0 tDtaItty j
c
m
i
ijj
i ++
=
++ Φ−Φ= ∑ αα ,  0,,1,0 jj "= . 
From (22), mitD j
c i ,,1  ,0)(10 "==Φ ++α  and thus   
01
2 ,,1,0),()( jjtty jj "=Φ= + . 
Let }1,,1{ 00 −+∈ njj " . From (27), we can write   
⎥⎥⎦
⎤
⎢⎢⎣
⎡
Φ−Φ−Φ= −+
=
+++
=
++ ∑∑ )()()()()()( 1010
1
01
2 00 ttaItDtaItty
i
j
i
j
m
hi
ij
c
m
i
ijj αααα  
)()()()()()( 1
1
00010
1
01
000 ttaIDtaItDtaIt
i
j
ii
j
m
hi
i
m
i
c
ij
c
m
i
ij αααααα −+
==
+++++
=
++ Φ+Φ−Φ= ∑∑∑ . 
By (26), we have   
1,,1    ),()( 00110 −+=Φ=Φ −+++ njjttD ii jjc "αα , mhi j ,,"= . 
Note that )()()()( 10100 00 ttaIttaID i
j
i
i
j
i
j
m
hi
ij
m
hi
i
c αααααα −+
=
−
+−+
=
++ Φ=Φ ∑∑ . Then we get  
)()()()()()( 1
1
00101
2 000 ttaItaIttaIty
i
j
i
i
j
j
m
hi
i
m
i
ij
m
hi
ijj αααααα −+
==
−
++−+
=
++ Φ+Φ−Φ= ∑∑∑  
).()()()1()( 1
1
00
1
0
1
00 ttaItaIt
i
j
i
j
m
hi
i
km
i
i
k
k
j α
ααα
−+
==
−
++
=
+ Φ⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= ∑∑∑  
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That is, the second approximation of )(ty j  is given as follows:  
 
),()()()1()(
;,,1,0),()(
1
1
00
1
0
1
2
01
2
00 ttaItaIty
jjtty
i
j
i
j
m
hi
i
km
i
i
k
k
jj
jj
αααα −+
==
−
++
=
+
+
Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ=
=Φ=
∑∑∑
"
 
1,,1 00 −+= njj " . 
By induction we get the n -th approximation of )(ty j :  
),()()()1()(
;,,1,0),()(
1
1
00
1
0
1
1
01
00 ttaItaIty
jjtty
i
j
i
j
m
hi
i
km
i
i
n
k
k
j
n
j
j
n
j
αααα −+
==
−
++
−
=
++
+
Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ=
=Φ=
∑∑∑
"
 
1,,1 00 −+= njj " . 
Thus the canonical fundamental system of solutions to (1) is given by (16) and (17), and 
we have 1,,1,0  ],,0[)( 00 −=∈ njTCty nj "γ  . (QED) 
 
       Corollary 3.  Under the assumption of theorem 3, a solution ],0[)( 0 TCty nγ∈  to the 
initial value problem (1) and (2) uniquely exists and represents by )()(
1
0
0
tybty j
n
j
j∑−
=
= . Here 
1,,1,0  ],,0[)( 00 −=∈ njTCty nj "γ  is the canonical fundamental system of (1) given by 
(16) and (17). 
 
Theorem 4. Assume that 10 nn >  and miTCai ,,1 ],,0[ "=∈ . Assume that the equation 
(1)is the type II. That is, assume that 20 ≥n  and there exists a }2,,1,0{ 00 −∈ nj " such 
that φ=
0jH and φ≠+10jH . Then there exists  the unique canonical fundamental system 
1,,1,0  ],,0[)( 0
1, 00 −=∈ − njTCty nj "α  of solutions to (1) and it is written by   
01 ,,1,0),()( jjtty jj "=Φ= + ,       (28) 
,1,,1
),()()()1()()(
10
10
1
0
0
1
1
00
−+=
Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= −+
=
−
+
=
+
∞
=
++ ∑∑∑
njj
ttaItaItty
i
j
i
j
m
hi
i
km
i
i
k
k
jj
"
α
ααα
        (29) 
.1,,1,
,)()()()1()()(
011
1
10
1
0
0
1
1
00
−+=
Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= ∑∑∑
=
−+
−
+
=
+
∞
=
++
nnnj
ttaItaItty
m
i
ji
km
i
i
k
k
jj i
i
"
αααα       (30) 
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Proof. From lemma 2(i) the existence and uniqueness of canonical fundamental 
systems is evident. For }1,,1,0{ 0 −∈ nj " , we find the j -th element )(ty j  of the of 
canonical fundamental systems as the limit of the approximation sequence (18) and (19).  
Let )()( 1
0 tty jj +Φ= , then by (19), the first approximation of )(ty j  is given as follows:  
)()()()( `00
1
01
1 0 tyDtaItty j
c
m
i
ijj
iαα +
=
++ ∑−Φ=  
    )()()( 10
1
01
0 tDtaIt j
c
m
i
ij
i ++
=
++ Φ−Φ= ∑ αα  , 1,,1,0 0 −= nj " . 
Here calculate )(10 tD j
c i ++Φα . From the definition 2,  
mitDtDtD
i
ii
n
k
kj
k
jj
c ,,1  ,)()0()()(
1
0
111010 "=⎥⎥⎦
⎤
⎢⎢⎣
⎡ ΦΦ−Φ=Φ ∑−
=
++++++
αα             (31) 
We know  
⎩⎨
⎧
≠
=Φ=ΦΦ +++ .   ,0
,    ),(
)()0( 111 jk
jkt
tD jkj
k  
From the assumption φ=
0jH and φ≠+10jH , we have 0ji >α  for all mi ,,2,1 "= . On the 
other hand, iii nn ≤<− α1  and thus 10 −≤ inj . Therefore for any 0,,1,0 jj "=  there exists 
a }1,0{ −∈ ink "  such that kj = . Thus  
0)]()([)( 11010 =Φ−Φ=Φ +++++ ttDtD jjjc ii αα , 0,,1,0 jj "=  
and thus  
)()( 1
1 tty jj +Φ= ,    0,,1,0 jj "= .                                    (32) 
For 1,,1 10 −+= njj " , we get  
⎪⎩
⎪⎨
⎧
−=
=Φ=Φ −+++ 1.,1,2, ,        0
,,,   ),(
)(
1
10
j
jj
j
c
hi
mhit
tD ii "
"αα  
as the same consideration with (26) and thus we have.  
        1,,1),()()()( 10101
1 0 −+=Φ−Φ= −+
=
++ ∑ njjttaItty i
j
j
m
hi
ijj "αα .          (33) 
For any 1,,1, 011 −+= nnnj " , since mnnn ≥≥≥ "21 , we always have jk < when 
),,1(1,,1,0 mink i "" =−= . Thus we always have 0)()0( 11 =ΦΦ ++ tD kjk  and therefore  
),()()( 11010 ttDtD i
ii
jjj
c ααα −+++++ Φ=Φ=Φ  1,,1, 011 −+= nnnj " .      
So we get 
)()()()( 1
1
01
1 0 ttaItty
ij
m
i
ijj αα −+
=
++ Φ−Φ= ∑                              (34) 
Put (32),(33) and (34) together, we have  
)()( 1
1 tty jj +Φ= ,                                        0,,1,0 jj "= , 
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1,,1),()()()( 10101
1 0 −+=Φ−Φ= −+
=
++ ∑ njjttaItty i
j
j
m
hi
ijj "αα , 
)()()()( 1
1
01
1 0 ttaItty
ij
m
i
ijj αα −+
=
++ Φ−Φ= ∑ ,   1,,1, 011 −+= nnnj " , 
In similar way as the above we get the second approximation of )(ty j : 
)()( 1
2 tty jj +Φ= ,                                                                                   0,,1,0 jj "= , 
1,,1),()()()1()()( 1010
1
0
1
0
1
2 00 −+=Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= −+
=
−
+
=
+
=
+ ∑∑∑ njjttaItaItty i
j
i
j
m
hi
i
km
i
i
k
k
jj "αααα , 
1,,1,),()()()1()()( 0111
1
0
1
0
1
0
1
2 00 −+=Φ
⎥⎥⎦
⎤
⎢⎢⎣
⎡−+Φ= −+
=
−
+
=
+
=
+ ∑∑∑ nnnjttaItaItty ii jm
i
i
km
i
i
k
k
jj "αααα . 
By induction we can get the n -th approximation of )(ty j  and then taking ∞→n  we get 
the canonical fundamental system  
01 ,,1,0),()( jjtty jj "=Φ= + , 
)()(])([)1()()( 10
1
0
0
1
1
00 ttaItaItty
i
j
i
j
m
hi
i
k
m
i
i
k
k
jj αααα −+
=
−
+
=
+
∞
=
++ Φ−+Φ= ∑∑∑ , 1,,1 10 −+= njj " , 
)()(])([)1()()( 1
1
0
1
0
0
1
1
00 ttaItaItty
i
i
j
m
i
i
k
m
i
i
k
k
jj αααα −+
=
−
+
=
+
∞
=
++ Φ−+Φ= ∑∑∑ , 1,,1, 011 −+= nnnj "  
and 1,,1,0  ],,0[)( 0
1, 00 −=∈ − njTCty nj "α . (QED) 
 
       Corollary 4.  Under the assumption of theorem 4, a solution ],0[)( 1, 00 TCty n −∈ α  to 
the initial value problem (1) and (2) uniquely exists and represents by )()(
1
0
0
tybty j
n
j
j∑−
=
= . 
Here 1,,1,0  ],,0[)( 0
1, 00 −=∈ − njTCty nj "α  is the canonical fundamental system of (1) 
given by (28) (29) and (30). 
 
 
5. The Canonical Fundamental System of Solutions  
to the Equations of the Type III 
 
Theorem 5. Let 10 00 <−=< αγ n  and assume that miTCai ,,1 ],,0[1 "=∈ γ . Assume 
that the equation (1)is the type III. That is, assume that φ=−10nH .  Then (1) has the unique 
canonical fundamental system :)({ ty j 1,,1,0 0 −= nj " } in ],0[0 TC nγ  of solutions and it is 
represented as follows:   
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1,,1,0),()( 01 −=Φ= + njtty jj " .                                   (35) 
     Proof. From lemma 2(ii) the existence and uniqueness of canonical fundamental system 
in ],0[0 TC nγ  is evident. Let )()( 10 tty jj +Φ= , 1,,1,0 0 −= nj "  and calculate the first 
approximation of )(ty j , the we have  
)()()( 10
1
01
1 0 tDtaIty j
c
m
i
ijj
i ++
=
++ Φ−Φ= ∑ αα . 
From the assumption of φα ==−≤≤=− },,1,10:{ 010 miniH in " , it is evident that 
00 1 nn i ≤<− α for all mi ,,1"=  and thus 
1,,1,0 ,0)]()0()([)( 011
1
0
1010
0
−==ΦΦ−Φ=Φ ++
−
=
++++ ∑ njtDtDtD jjn
k
k
jj
c ii "αα  
and )()( 1
1 tty jj +Φ= , 1,,1,0 0 −= nj " . Similarly, we easily know  
)()( 1 tty j
n
j +Φ= , 1,,1,0 0 −= nj "  
and thus we get  
1,,1,0],,0[)()( 01 −=∈Φ= ∞+ njTCtty jj " . 
(QED) 
 
       Corollary 5.  Under the assumption of theorem 5, a solution ],0[)( 0 TCty nγ∈  to the 
initial value problem (1) and (2) uniquely exists and represents by )()(
1
0
0
tybty j
n
j
j∑−
=
= . Here 
1,,1,0  ],,0[)( 0 −=∈ ∞ njTCty j "  is the canonical fundamental system of (1) given by 
(35). 
 
      Remark 4. The theorem 5 and corollary 5 show that the equations of type III have the solution 
independent of the coefficients )(tai  and orders iα . It reflects the essence of the equations of type 
III.    
 
 
6. Conclusions 
 
      First, the canonical fundamental system of solutions to linear homogeneous differential 
equation (1) with Caputo fractional derivatives and continuous variable coefficients has 
different representations according to the distributions of the lowest order mα . That is, it 
has different representations depending on whether 0=mα  (case I) or 10 0 −≤< nmα  
(case II) or 00 1 nn m ≤≤− α  (case III). 
      Second, in the case I and case II, the canonical fundamental system of solutions to 
linear homogeneous differential equation (1) with Caputo fractional derivatives and 
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continuous variable coefficients has different representations according to the distance 
between the two highest orders 0α  and 1α .  
      Third, 5 patterns of distributions of fractional orders in the equation (1) which 
determine the representations of the solutions are as follows: 
1) 0=mα  and 10 nn =              (theorem 1 and corollary 1) ; 
2) 0=mα  and 10 nn >              (theorem 2 and corollary 2); 
3) 10 0 −≤< nmα  and 10 nn = (theorem 3 and corollary 3) ; 
4) 10 0 −≤< nmα  and 10 nn > (theorem 4 and corollary 4) ; 
5) 00 1 nn m ≤≤− α                    (theorem 5 and corollary 5). 
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